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Abstract 

The quantization properties of composite peripheric twists are studied. Peripheric chains 
of extended twists are constructed for U(sl(N)) in order to obtain composite twists with 
sufficiently large carrier subalgebras. It is proved that the peripheric chains can be enlarged 
with additional Reshctikhin and Jordanian factors. This provides the possibility to construct 
new solutions to Drinfeld equations and, thus, to quantize new sets of Lie-Poisson structures. 
When the Jordanian additional factors are used the carrier algebras of the enlarged peripheric 
chains are transformed into algebras of motion of the form Qj B = Qh h Qv- The factor 
algebra qh is a direct sum of Borel and contracted Borel subalgebras of lower dimensions. 
The corresponding w-form is a coboundary. The enlarged peripheric chains •T'j'g represent 
the twists that contain operators external with respect to the Lie-Poisson structure. The 
properties of new twists are illustrated by quantizing r-matrices for the algebras U(sl(3)), 
t/(sZ(4)) and U(sl{7)). 
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1 Introduction 



Quantum algebras are often considered as deformations of symmetries described by Lie algebraic 
structures. Many of their physical applications are dealing with composite systems In 
these cases the coproducts (i.e, the coalgebraic structure called the co-structure) are relevant 
@| . When composite systems (i.e. the sets composed of sub-systems) are studied physicists are 
well accustomed to work with Lie algebras and with nondeformed Hopf algebras (symmetric or 
cocommutative coalgebras) since the set of sub-systems is not ordered and for that all measurable 
results must be independent of the order chosen for the sub-systems (remember the case of the 
composition of angular momenta). 

In general, in a quantum algebra both structures, algebraic and coalgebraic, are deformed. 
In other words, the coproduct in non cocommutative, thus, quantum algebras are ordered struc- 
tures. We can interpret this lack of symmetry as an existence of a kind of correlation between 
the sub-systems. In this way, quantum groups supply us with an approximate symmetry jq]. 

Twisted quantum algebras have the nice property: one can always conserve the classical Lie 
algebraic compositions (use the nondeformed basis), only the co-structure is deformed. This is 
why twisted quantum algebras are interesting objects when physical applications are considered. 

It was shown by Drinfeld || that a quasitriangular Hopf algebra A can be transformed into a 
twisted Hopf algebra when a certain adjoint operator of the "twisting" element of T G A <8> A is 
applied to the coproducts of A. The algebraic structure of the twisted algebra Ajr is the same as 
in the original one but the co-structure in Ap and the quantum 7£-matrix are different. Thus, 
using twists we can obtain quantum deformations of universal enveloping algebras of Lie algebras 
where the irreducible representations are classical but their compositions (tensor products) are 
deformed. 

Since the seminal paper of Drinfeld mentioned above and especially during the last years 
important studies were performed in the area of twist deformations and complicated twisting 
elements defined on large "carrier" algebras were constructed 0~[13|. Notwithstanding their 



complicated form one can always decompose them into the product of basic twisting elements 
(factors) 14]: Reshetikhin Q, Jordanian S or extended Q factors. The twists are often con- 



structed in a form of multiparametric families and the boundary twisting elements have the 
specific properties. In this concern we can mention the peripheric extended twists which are the 
limit versions of the extended jordanian twists J10| |. 

In this work we study the possibility to construct chains of peripheric extended twists. We 
shall prove that these chains can be enlarged using the Reshetikhin-like or the Jordanian-like 
factors. The enlarged chains of twists provide the possibility to deform universal enveloping 
Lie algebras in a way different from the canonical twisting. The overall adjoint transformation 
cannot be reduced to the adjoint operators of the carrier algebra of the classical r-matrix. In 
other words, from a more physical point of view, we can quantize new classical r -matrices, or 



equivalently, new classical systems described by Poisson-Lie structures [15|. 

The paper is organized as follows. Section ^ presents a review of the main facts related to the 
theory of twists that we shall use along the paper. In the next section, using the particular case 
of the Lie algebra sl(3), we demonstrate that the carrier algebra (i.e. the minimal subalgebra 
of the Lie algebra where the twisting element T can be defined) associated to a peripheric twist 
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enlarged by a Reshetikhin or Jordanian factor is different from the initial carrier algebra of the 
peripheric twist. In Section |3] we prove the existence of peripheric chains for sl(N), and also find 
the maximal number of peripheric twisting compositions (or links) that we can add to construct 
a peripheric chain for sl(N) in the case of even N = 2n or odd N = 2n — 1 dimension. The 
properties of peripheric chains for U(sl(N)) are studied in the following section. We discuss 
separately two cases depending on the character of the additional twisting factors: Reshetikhin 
or Jordanian. In the first case the enlarged peripheric chains allows to quantize new classical 
r-matrices whose associated w-forms are cohomologically nontrivial. In the second one, it is 
proved that the carrier algebras of the peripheric chains enlarged by the Jordanian factors have 
the structure of semidirect sum of Borel and Abelian subalgebras that can be seen as motion 
algebras. Section ||| presents the enlarged peripheric twists for U(sl(3)), U(sl(A)) and U(sl(7)) in 
order to illustrate the theory developed in the preceding sections. The discussion of the obtained 
results and some comments conclude the paper. 



2 Mathematical preliminaries 

Quasitriangular Hopf algebras A(m, A, 77, e, S, 1Z) can be transformed @ by an invertible twisting 
element T € A (g> A satisfying the equations 

F 12 (A®id)(F) = F 2 z{id® A)(JF), (e ® id)(F) = (id ® e)(F) = 1, (2.1) 

into twisted Hopf algebras Aj^(m, Ajr, e, Sy, T^-jf), that has the same multiplication and counit 
but the twisted coproduct, antipode and 7v!.-matrix defined as follows 

A T (X) = TA(X)T-\ S T (X) = vS(X) V -\ TZ r = {T) 21 TlT-\ 

F = E/ f (1) ®/i (2) , XeA, v = E/f^C/f)- ^ 

Twists are mostly used as tools to construct quantum deformations, T : U(g) — > Ujt(q), of 
universal enveloping algebras U(g) of simple Lie algebras g, considered as Hopf algebras with 
primitive generators L S g (i.e. A(L) = L (g> 1 + 1 ® L). The minimal subalgebra g c C g on 
which the twist T can be defined is called the carrier of the twist T. 

In general, the composition of twists is not a twist. But there are some important examples 
of the opposite behaviour. In particular, a composition of twists T\ and T 2 (with carriers g Cl and 
g C2 ) can be performed when in the twisted algebra Uj^ 1 (g) one can find the primitive generators 
for the carrier g C2 . 



There are three basic twisting factors (BTF's) [14]. Up to now all the twists that are known 
in the explicit form are composed of these BTF's: 

1.- The Reshetikhin basic twisting factor (RF) is defined for any pair of commuting primitive 
elements k , lj in A |7j by 

$ R = e i>ijk®h_ (2.3) 
The coefficient ipi j plays the role of the deformation parameter. 
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2.- The Jordanian BTF (JF) ^ has as a carrier the two-dimensional (2D) Borel algebra B 

[H,E]=E. (2.4) 



For U(H) the following element is the solution of (2.1): 

$j = e H ® a (2.5) 

with 

a = \n(l + E). (2.6) 
The result of the deformation <I>j : U(B) — > Uj(B) is a Hopf algebra £/j(B) with the coproducts: 

Aj(H) = H <g> e" ff + 1 <g> H, 

(2.7) 

Aj(£) = £®e ff + l®fi. 
The deformation parameter is introduced by scaling the element £6B: 

E — > 

a — » a(0 = ln(l + ££), (2.8) 
$J — ► = e H ® CT ^. 

3.- The third BTF Q, the extending factor (EF) or simply the extension, is defined for the 
deformed universal enveloping algebra Uj(H), where H is the 3D Heisenberg algebra 

[A,B]=E, [A,E}=0, [£,£] = 0, (2.9) 

with the coproducts 

A j (A) = A (g> e aa + 1 ® A, 

Aj(B) = B + 1 ® B, a + p = l, (2.10) 
Aj(E) = E®e a + 1®E, 

and a as in fl2.6|) . The extending factors 

$ E = e^Be-P* , & E = e - B ® Ae - a " (2.11) 

are the solutions of the twist equations (^) and induce the deformations $g : Uj(H) — > f7g;(H) 
or : t/j(H) — > J7e'(H). For example, the co-structure of the algebra [/^(H) is defined by 
the coproducts: 

A E (A) =A® e-P* + 1®A, 

A E (B) = B0e^ + e a 0B, (2.12) 
A E (E) = E®e a + 1®E. 

EF's were first considered as parts of the so-called extended Jordanian twists (EJ's) 0. Contrary 
to the other two BTF's these are the discrete solutions of the twist equations, though they can 



4 



borrow a continuous parameter from a smooth curve of equivalent algebras Uj(B; 0"(£)), where 



er(£) is the same as in the parameterized Jordanian twist (see (2.8)) 



Note that usually the EF is applied to the universal enveloping algebras Uj(L(a, /?)) with 



the 4D carrier subalgebra L(a, (3). The parameters a and [3 that appear in ( 2.10 ) are to coincide 
with the corresponding eigenvalues of the operator ad(ff): 

[H, E] = E, [H, A] = aA, [H, B] = 0B, ^ 

[A,B]=E, [E,A]=0, [E,B]=0, a + = 1. 

This Hopf algebra is already deformed by the Jordanian factor. The two factors are then 
considered together forming the extended Jordanian twist |J, Tej = This twist defines 

the deformed Hopf algebras Us(L(a, /?)) with the co-structure 

A £ (H) = H®e- a + 1 ®H-A® Be~^ +1 ^, 
A £ (A) = A® e-P a + 1 ® A, 

(2.14) 

A e (B) = B ® e Pa + e a <8> B, 
Ag (E) = E <g> e a + 1 ® E. 

Also we would like to remind that any BTF can be deformed by the previous factors of 
the sequence of twists. Nevertheless, it always has the form of an exponent whose argument 
is a tensor product of two elements of A. Moreover, when in the sequence of twists all the 
parameters independent from the proper parameter of the BTF are equal to zero the BTF 
recovers its canonical form. 

In [10] the extended Jordanian twists were studied in the limit points a = (or (3 = 0). 
The corresponding twists were called peripheric extended twists (PET's). It is easy to see from 
( 2.12| ) that in these limiting points some generators of = L(1,0) remain primitive in the 



deformed U-p(H). For example, in U-piJj 3 ) we have 

A v e (H) = H ® e~ a + 1 ® H - A ® Be 

A^(A) = A® 1 + 1® A, 

A v £ (B) = B (g> 1 + e a <g> B, 

A^(E) = E <g> e a + 1 (g> E. 



(2.15) 



The second cohomolog y group H 2 (L v ) of the carrier algebra for the PET is nontrivial. We 
have dim// 2 (L^) = 1 (in contrast to the case a, [3 ^ 0, 1). The nontrivial cocycle can be chosen 
to be proportional to H* A A*. This means that L^ 1 has not only the nondegenerate coboundary 



u = E* ([, ]) but also the nondegenerate cocycle [l(| 



une = E*([,]) + t;H* A A*. (2.16) 

The latter defines the classical r-matrix r-ji£ = HAE + AAB + ipA A E. It is easy to verify 
that the corresponding twisting element is a composition of the PET JFJ 5 and the RF 

q r = e ,M®«r. (2.17) 
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i.e. 



Other specific possibilities of PET's arise when H(/3 = 0) is considered as a subalgebra of a 
simple Lie algebra q. The most interesting are the non-Abelian primitive subalgebras in g that 
contain the generators like A (see Section 4 where these possibilities are studied in detail). In the 
simplest case when the initial twist is a peripheric twist with several extension factors J-^ these 
additional possibilities lead to the deformations equivalent to the multi-Jordanian twistings (see 
Section |6|). 

More fruitful and much more complicated is the situation where the initial twist is a nontrivial 
composition of extended twists. For Hopf algebras U(g) with classical simple Lie algebras q there 
exists the possibility to construct systematically the compositions of twists called chains fTl|| : 

Fb p ^ = ^Bp^Bp-! ■ ■ ■ Fb • (2.19) 

The factors J-Q k = <3?£ fe $ j k of the canonical chain are the canonical extended Jordanian twists 
for the initial Hopf algebra A. Their carriers are the multidimensional analogs to L(l/2, 1/2), 
the extensions {&£ k ,k = 0,... ,p — 1} contain the fixed set of normalized factors like = 
exp{A®Be~2 <J }. The sequence of twists in a chain for the Lie algebra A = U(sl(N)) corresponds 
to the sequence of injections U(sl(N)) D U(sl(N - 2)) D . . . D U(sl(N - 2k)) .... For each A k 
the initial root Aq is fixed. The extensions &£ k are defined by the set Tr k of constituent roots 
Tr k = {A', A" I A' + A" = A§; A' + Aq, A" + \ k Q £ K A }, where is the root system of A . The 
set of constituent roots can be naturally decomposed as ir^ = Tt' k U 7r^, ir' k = {A'}, ir' k ' = {A"}. 
In these terms the factors &g k and $ j k have the form 

$> Jk = exp{F A , ® a k }, 4 = ln(l + L x u)- (2.20) 



®£ k = II ^v= II exp{L v 0L A g_ A ,e-2-o}, ( 2 .21) 
A'e< A'e<. 

where the generator L\ is associated to the root A. 

The role of additional twistings provided by the chains of twists with the peripheric properties 
and the new class of Lie-Poisson structures that can be thus quantized are studied in Section |H[ 



3 Deformations of carriers: the s/(3) case 

Most interesting are the cases where the additional factors change the carrier subalgebra. This 
may happen if the initial carrier \P is a proper subalgebra C and the Drinfeld equations 
are considered over q. In this Section the simplest variant of such situation is studied. Suppose 
that g contains the Lie subalgebra M = H 1 - \> L^, which is the extension of L^ by the ID 
subalgebra generated by H with the following action on L^: 

[H ± ,E]=0, [H ± ,A]=A, [H ± ,B] = -B, [H ± ,H v ]=0. 
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When q = sl(3) the generators of M C sl(3) can be identified as follows 

H v = i (2Eu — E22 — E33) , A = E12, E = E13, 

1 (3 - 1} 
H =3 (En — 2E22 + E33) , B = E23. 



In U V (M) twisted by the co-structure is defined by ( |2,15[ ) while the coproduct of the addi- 



tional generator H remains primitive, A-p(H ) = H <g> 1 + 1 <g> H . If we want to change the 
carrier of the twist by introducing an extra factor (to enlarge the J-g) we have to consider the 
primitive Borel subalgebra B C M generated by {A, if -1 } or the primitive Abelian subalgebra 
A generated by {a, H }. This means that C/-p(M) admits additional Jordanian or Reshetikhin 
twists 

$^ = expiH 1 - <g> a A (S,)} or $n = exp^H 1 - ® a}. 

Composing j or $7^. with J 7 ^ we obtain new solutions of the Drinfeld equations for the algebra 
U(sl(3)): 



and 



T V J£ : U (M) - U V (M) -> U JP (M) ; 



(3.2) 



£ 

Tns ■■ U (M) — > C/ £ (M) -» (M) . 

The universal elements 

K-js = {^je) 2X {Fj £ ) , Tine = (-^7^)21 (Fne) 
are the quantizations of the classical r-matrices 

rje = H v AE + AAB + £H ± AA 1 
r n£ = H v A E + A A B + QH L A E. 



(3.3) 




J 7t 



They define the dual Lie algebras , and the Lie algebra morphisms M* — > M. Applying 
them to M*^ ± and we get (as an image of this map and after the appropriate redefinition 
of the generators) the 4D subalgebras L j± , C M with commutators 

= A, [H,B] = 0, 

--0, [E,B]=^E; 

[H,E]=E, [H,A} = (1-0 A, [H,B]=(B, 

[A,B]=E, [E,A]=0, [E,B}=0. 

The algebras Iij±,Jj-jz and are inequivalent. The deforming functions fj,j±(E,B) = E and 
{/j,-jz(H, B) = B, [i-ji(H, A) = — A} are cohomologically nontrivial: € ^(jJ 3 ,'L P ). 

Here it is worthy to mention that both deforming functions describe not only the "tangent 
vector" to the deformation curve but the complete (first order) deformation of M. Notice 
that 1jj± and L-r. are Frobenius Lie algebras. The corresponding nondegenerate forms are 
coboundaries. 

In this simple example we have demonstrated that the carrier subalgebra associated to the 
peripheric twist J- £ enlarged by $>j or $7^. differs nontrivially from the initial L^. 
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4 Construction of peripheric chains 



The constructions used in the previous Section can be generalized for the case where the initial 
carrier algebra contains the maximal nilpotent subalgebra of a simple Lie algebra. The only 
known twists with such properties are the (full) chains of extended Jordanian twists fl2.19| ). In 
order to use chains of twists for our purposes we must find their analogs with the peripheric 



properties. In [17] it was proved that the peripheric chains exist. 

In this section we shall compose and study the full peripheric chains for q = sl(N). We 
normalize the Cartan elements as Ha- = (En — E kk )j2 and use the standard gl(N)~has\s 
{-E'jj}i,j=i,..jv- Consider the canonical chain (|2.19[ ) of extended twists Tb v<0 = Tq v Tq v _ x . . . Tb 
with 



'AT-fc-l 1 



V s=k+2 / 

where k = 0, ... ,p and (Xij = ln(l + Eij). This chain produces the deformation T® v<a : 
U(sl(N)) — > U-p(sl(N)). The deformed Hopf algebra Ub(sI(N)) admits additional twists. One 
of them &j Q , a multidimensional analog of ($7j) _1 , must transform Ub(sI(N)) into the quan- 
tized algebra of peripheric type <0 '■ Ub(sI(N)) — > Ubv p<0 (sI(N)). To start the construction 
of the Hopf algebra U&p p ^ (sl(N)) we separate the peripheric factors in the Jordanian twists: 

Here 

1 ( N \ 

H% +1>N _ k = — \ NE k+ljk+1 - y^E a}S j , (4.2) 

The factor &j can be dragged to the end of the extended twist Tft k , the extension factors will 
be changed: 

/jV-fc-1 \ 
T Bh = $^ [ Y\ e Ek+1 ' s ® Es > N - k ] e H k+i,N-k^k+i,N-k _ qP^jpP^ (4.4) 

V s=k+2 ) 

One can check that J-q 's are the multidimensional peripheric extended twists. In particular, 
the Cartan element H k+l N _ k commutes with all the second constituent generators {E s ^_ k ; 
s = k + 2, . . . , N — k — 1} (in the formula ( |2.2lD these are the elements L X k_ x ,). Applying 
!Fs k to the primitive subalgebra U(sl(N — 2k)) (this is just the situation that happens after the 
action of the k first factors T& h _ x . . . J~Bq) it preserves the primitivity of all the first constituent 
generators {E k +i, s ; s = k + 2, . . . , N — k — 1}. 

The factor §\ can be further pushed to the very end of the chain because it commutes with 
all the subsequent links {Tb s \ s > k}. The factors with different indices k commute with 
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each other. Performing the factorizations (4.4) in all the links and collecting the factors at 



the end of the chain we get the following expression 

Jp-<0 £>p^0 



(4.5) 



We know |IT| that <Q is the twist for U(sl(N)). In the deformed algebra U Bp ^ (sl(N)) 
we have (p + 1) primitive elements of the type 0k+i,N-k- K can be easily checked that all the 
elements H^ +1N _ k are also primitive in U Bp<Q {sl{N)). So, the integral factor &j consists of 
Reshetikhin twists for commuting elements {Hi\i N-k> E^^N-k't k = 0, . . . ,p}. This means 
that &j is a twist for U Bp ^ (sl(N)), the same is true for if&j Consequently, the 

composition i'&j ^ Q )~ 3~B p ^o ^ s a twist for U(sl(N)) and it immediately follows from (4.5) that 
•TflU is also a ^ ist > T b p <« '■ U ( sl ( N )) ~> U BVp ^(sl(N)), 

«i- /AT-fc-l \ 

k=0 k=0 \ s=k+2 ) 

This composition of basic twisting factors is the necessary peripheric analogue of the chain of 
extended twists for sl(N), it is called the peripheric chain of twists. The chain is full when the 
number of links (for B + (sZ(iV))) is maximal: N/2 for even and (N + l)/2 for odd N. 



5 Peripheric chains as quantization tools 

Let us consider N = 2n for the even case and N = 2n — 1 for the odd one. The twisted 
algebra U B -p p<0 {sl{N)) has z = (p+ 1) primitive elements Cfc+l,iV-fc and (N — 1 — z) primitive 
Cartan generators. Each link J-g of the chain is a peripheric extended twist. After 
applying it to U B -p {k _ 1)<0 {sl{N)) we get (N — 2k — 3) primitive generators L X k> corresponding 
to the constituent roots X k ' (such that X k> + \ k " = Ag). In our case these are the elements 
{£^. + i jS | s = k + 2, . . . , N — k — 1}. The next link J% k x preserves the primitivity only of one 
of them, Ek+i^N-k-i- Thus in U B -p p<0 {sl{N)) (after having applied z links) we get (N — p — 2) 
additional primitive generators (with respect to the effect of the canonical chain). The following 
statement will be useful for applications. 

Lemma 5.1 The 'matreshka' effect j71|/ is valid for peripheric chains. 

Proof. The peripheric link is the function of the tensor invariant for the subalgebra and 

being applied to U B p (k _ r) ^ (Q^f.) such twist cannot change its coproducts. On the first step of 

the inductive process (with J-]L) all the vectors in g have primitive coproducts. ■ 

In particular, the Hopf algebra U B -p p ^ Q {sl{N)) contains the subalgebra U (sl(N — 2z)) whose 
generators are primitive. 

In the following we shall consider the most important case: the full peripheric chains 
Tft for the enveloping algebra U(sl(N)). They have z = (N — n) links and the twisted 
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algebras UBV^ N _ n _ 1 ^ (sl(N)) con tain (N — n) primitive elements = crk+l,N-k} ( n ~ 1) prim- 
itive Cartan generators and (n — 1) additional primitive generators ET = Ek+i : N-k-i- This 
provides possibilities to enlarge the sequence of twists in the peripheric chain by the new twist- 
ing factors. As it was demonstrated in Section || these possibilities are of two kinds: additional 
Reshetikhin and additional Jordanian basic twisting factors. 



5.1 Additional Reshetikhin BTF's 

Notice that the primitive elements I m E {<Jk, Ef\k,l = 0, . . . , z — 1} commute. Consequently, 
the following factor 

^ = exp{/3 m "/ m 0/ n } 

is the solution of the Drinfeld equations fl2.1fl for the algebra Upp. N _ n _ i .^ (al(N')). The coeffi- 
cients (3 mn are arbitrary. Thus, the composition 

•tub ~ o^B ( tf_ n _ 1H0 
is the twisting element for U(sl(N)), 

J%B : U(sl(N)) - Ukbv (n ^_ iU0 (sI(N)). 
Each link 3~j$ h in J~]$ l x0 can have an independent parameter tpk+i [ 11 1 , 



=fc+2 



Let all the variables of be proportional to the overall deformation parameter £, i.e. /3 r ' 
£/3 mn and V'fc+i =^ CV'fc+i- The universal element (|2.2| ) 



h&>(0 = (*£b(0) 21 1 

corresponds to the classical r-matrix 

_i_ V 2z /? mn T A T 



r TZB 



(5.2) 



Here J m £ {-Efc+i^jv-Jb I fe, i = 0, . . . , z — 1}. The difference between and the r-matrix 
for the canonical chain 

p / N-k-l \ 

fe=0 V s=/c+2 / 

is essential. This is clearly seen when the corresponding Frobenius forms are compared 

p 2z 

^nB = t2xk+iE* k+ i, N - k {[,])+ £ r n K^AK*, 

k=0 n,m=l 
10 



and 



p 

^B = Xk+lEk+1. N-k ( I] ) a 
fc=0 

where if m G {H]? +1 N _ k , Ef \ k, I = 0, . . . , z — 1}. The coefficients Xfc+i an d mn are propor- 
tional to V'fc+i and (3 mn respectively. Notice that tu^g = ^b + Y^ m =i 4> mn ^-m A Kn anci when 
all mn are equal to zero the forms coincide despite the fact that the corresponding terms in 
the r-matrix contain different Cartan generators. Moreover, as we had already mentioned in 
Section ^, the carrier algebras for and r^j 3 ((f) rnn = 0) are different. In the general case (with 
nonzero (j) mn ) the a;— forms are also different: is a coboundary while is cohomologically 
nontrivial. 

The result is that the peripheric chains provide the possibility to quantize explicitly the new 
class of classical r-matrices defined on carrier subalgebras of the L^-type, whose w-forms 

are cohomologically nontrivial. 



5.2 Additional Jordanian BTF's 

Let us consider the peripheric chain 3~jg N l x0 and its possible extensions related to the prim- 
itive Cartan generators {H^~ } and the additional primitive elements {Ef} (i = 1, . . . ,n — 1) 
belonging to the twisted Hopf algebra U&p, N _ n _ 1 ^ (sl(N)). Here, we consider only the gen- 
erators Ef because the alternative pairs {H^-,ak} appear also in the canonical case and were 



treated earlier (see for example [18]). The dual elements {H[~*} generate in the root space the 



hyperplane orthogonal to the initial roots {Aq | k = 0, . . . , z — 1} of the chain J-g ^ j On 
this hyperplane we fix the set of basic elements {H-- } and consider it together with the set 

{Efy. 



tt± _ N-2i p _ 2i s^N-i p 

i N 2-^1=1 ^1,1 N l^m=i+l -^m.mj 

E f = E j,N-j, 



(5.3) 



with i,j = 1, . . . , n — 1. On the joint space generated by {H^~,Ej} we have a Lie algebra with 
the nonzero commutators 



H i ,Ej 



SijEf. 



In other words, this is the direct sum of (n — 1) 2D Borel subalgebras Bj. This guarantees 
the possibility to enlarge the twisting element J% X)<Q with the additional (independent) 

Jordanian basic factors $r = e ff * 

Let F'jg be the maximal enlargement of the full peripheric chain with (n — 1) additional 
JBF's, 



fn-l 



?jb = n * 



■V 

&(N-n-t)-<0 ' 
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Formally, the carrier subalgebra of this chain coincides with the Borel subalgebra B + (s/(iV)). It 
contains all the raising operators {Ei m \ I, m = 1, . . . , N ; I < m}, (N — n) generators H^ N _ k 
and (n — i) generators H^~. However, as we shall demonstrate below, the dimension of the carrier 
for the classical r-matrix remains the same as in the full chain 

J" D (N-n— iho 

To study the properties of the enlarged chain in detail we must introduce in the full 
set of parameters. This can be done by means of an involutive automorphism of the carrier 
subalgebra and the discrete transformations of subalgebras inside the carrier. It is sufficient to 
consider the maximal nilpotent subalgebra ~N + (sl(N)) C B + (sZ(iV)). We perform the smooth 
scaling of the generators in N + (sZ(iV)): 



lm 



oti m Ei m I ai m € C; I, m = 1, . . . , N; I < m} 



The scaling factors ai m are as follows: 

1 = 1,... ,2-1, 



for 



E, 



i rn 



m = 2, . . . ,z, 
I < m 



4>m 



for 



E, 



lm 



1 = 1,... ,Z, 

m = z + 1, . . . ,N, 



Oilm — i>l((N-m): Co — 1- 



(5.4) 



for < 



Eh 



l = z + l,... ,N-1, 
m = z + 2, ... ,N, 
I < m 

,z\ i 



air 



C(N-m) 
C(N-l) ' 



All the parameters {ipi,Ci \ I = 1, • • • ,z; i = 1, . . . , N — z — 1} are independent. The first 
subset {tpi} consists of the parameters of links, they were already introduced in T^fyk+i) (see 

( |5.1| )), the entries of the second subset {d} refer to the Jordanian factors $ j i = e H ^® ai . Notice 
that each argument Ef of <7j is scaled by a product of parameters, Ef (tpiCj)Ej° , because 
it is already scaled in the corresponding link (-0j) of the chain. The discrete parameters 

describe the property: in any link of the chain the extension factor can be switched off. Only 
the full extension 



N-k-l 



§£ k (V>fc+l«fc+l) = ] [ (^fc+l«fc+l) = 1 ] 



■Jph + 1 K k + 1 E k + 1 , s <8 E s 



A'GTr' 



--k+2 



has the character of the basic extending factor ( |2.11| ) with the continuous parameter V'fc+i and 
the discrete parameter k^+i = 0,1. The separate EF's inside &£ k conserve their independence 
and can be switched off. But, in the general case, such cancellation ruins the matreshka effect 
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and the structure of the chain is, hence, lost. The parameterized enlarged chain has the form 

/n-1 \ <-^- / N-k-1 \ ? 

= / e ill®(Ti{ipiK x Ci) Y\ Yl e^ k + 1< > kKk + lEk + 1 > s ® Es > N - k e H k+l,N-k® a k+l,N-kKWk+lQk) _ 

\i=l ) k=0 \ s=k+2 J 

Any number of links {{iph K iXi}) an d JBF's ^(VwCi) = e H > ® <7i ^ i ' Ci ^ can be switched 
off in the enlarged chain. This is ensured by the following rearrangement of parameters: 

r =i ,=i 



= (jl e^® a ^A Tl { 



{{vi^i}) 



= f II e if i L<g>CTi ^ <ft A IT I EI e Uk + lKk + lEk+1 > s ® Es > N - k \e Hk + 1 - N - k ® ak+1 - N ~ k ( Vk+1 \ 

\i=l J k=0 \ s=k+2 J 

From the structural point of view the independence of the additional factors <£j. (k^) is obvious. 
Due to the matreshka effect switching off a link N Q {{^i, m}) in Pi, ki}) can 

not prevent any of Ef's to be primitive in U^ N _ n _ 1 ^ Q (sl(N)) . When an extension $£ ( (i^;/c/) is 

switched off by putting m = the corresponding factor e H i ® <7 i( K f ') also vanishes. This correlates 
with the fact that when the extension $>£ ( (i^fi;) is absent (the corresponding link contains only 
a JF) the coproduct Aj(Ef) is not primitive and the additional JF <I>j ; has to be canceled. 
Strictly speaking, even in such a situation the number of additional factors can be preserved. 
Instead of Aj(Ej > ) we have the primitive Aj{En-i,n-i+\) and the factor e H ^® ai ^ KlP ^ can be 
substituted by e H i~®° N - l ' N - l + l( J >l \ 

When the extensions are switched off in all the links the initial chain degenerates into the 
twist 

z 

?l ({Ul,0, Pi }) = Yl e H £ + l,N-k®°k + l,N-k(Kk + l) 
k=0 

(with the special "peripheric" choice of the Cartan generators H^ +1 N _ k )- This multi-Jordanian 
twist can be enlarged by (n — 1) JF's, 

(n-1 \ z 

i=l / k=0 

Now we shall consider the quasi-classical limit for the enlarged chain Fjgdvi, ki, Pi})- To 
simplify the formulas we put {m = 1 | I = 1, ... ,n — 1}. The quasi-classical limit for 
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!Fj B ({vi,l, pi}) = Fjigiivi, Pi}) is obtained through the substitution Vfc =>■ O'k in ( p^) or 
=^ Pi =^ CPi i n with the overall deformation parameter £. In the neighborhood of 
the origin the 7£-matrix TZjq has the expansion 

^s({^,a;0) = i®i + ^ B ({^,Ci}) + O(0 

= l®l + ^ B (K/ai}) + O(0- 

This means that the deformation U(sl(N)) — > UjBfN-n-l)^^ 9 ^^) performed by the twist 
3~jB ({^/'CiiC}) can be treated as a quantization of the classical mechanical system described 
by the r-matrix 



N-k-l 



JB 



\N-i 



k=0 V 

rt-1 

1=1 

^fc+i ( Hk+l,N-k A E k+i,N-k + ^ -Efc+l,s A E s 

n-1 



fc=0 



s=fc+2 



N-k-l 



(5.7) 



,JV-fc 



s=fc+2 



JV-i- 



i=l 



It can be easily checked that on the space of B + (sZ(iV)) this r-matrix is degenerate. 

Now we shall show that the carrier subalgebra of rjg has the dimension (N 2 + N — In) 1 2 
(the same as in the case of r^). 



Lemma 5.2 The carrier algebra of the classical r-matrix ^^({V'^Ci}) (5-7) is equivalent to 
the ((N 2 + N — 2n) / '2) -dimensional subalgebra of ~B + (sl(N)) generated by the following sets of 
elements: 



n i,N-i+l 



E, 



lm 



i = l,... ,z 

j = 1, ... ,n-l 

I = 1, . . . , z — 1 ; m = 2, . . . , z ; I < m 

I = 1, . . . , z ; m = # + 1, . . . , iV 

/ = z + 1, . . . ,N- 2 ; m = z + 3,... ,JV ; l<m 



(5.8) 



Proof. It is obvious that the set Q5.8] ) generates a subalgebra, that we denote 0^g- It contains 
the Cartan subalgebra of sl(N) and all the positive roots operators except those corresponding 
to the following subset of basic roots 



e z+i - e z+i+ i | i = 1, . . . , N - z - 1} . 



Let us construct the smooth set of injections ip of Qjg into ~B + (sl(N)) depending on the 
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parameters {Ci}: 





-i+1 n i,N-i+l 


i = 


1,... 


,z 








»f~ 


-> -Bj ({Ci}) 


3 = 


1,... 


,n 


-i ; 






Elm ~ 




I = 


1,... 


,z- 


-i ; 


m = 2, 


. . , z ; I < m 


Elm ~ 


-> Ai rri ({Ci}) 


I = 


1,... 


,z 


m 


= z + 


■■ ,N; 


Elm - 


Ci m ({Ci}) 


I = 


z + 1, 




,N 


— 2 ; m 


= z + 3,... ,N 



(5.9) 



iV ; / < m 



where 



^ ({&}) 

Am ({Ci}) 
Cjm ({Ci}) 



c 



2l T ± E N -.j )N -j +a 

s=i « 

CN-m-sE^m+s, 

s=0 

Cn-i 



CiV-m 
Elm 



(5.10) 



Gv- 



' TV 



iV-s 



C7V-Z+1 



N-m 



E, 



l-l. 



+ £ 

8=1 



,jV-m- 

Cn-i 



-E 



l,m+s 



Direct computations show that the map y({Ci}) is an automorphism of 0jg- Let us denote by 
{D s } the basis of Qj B obtained as the image of the natural basis (f[j|), 



({ft}) : {^Sv-i+l- S/, ^} {^} = {^_ J+1 , 5j ({ft}) , Elm, Aim ({ft}) , Cim ({ft}) } ■ 



The r-matrix r'jg ({ipi, ft}) can be expressed in terms of the generators {D s }. First let us rewrite 
it as follows: 



r JB ({^,ft}) 



p / 

Z 1pk+lSkEk+l,N-k-l A [EN-k-l,N-k - ^TT^Hn+l 
k=0 K 



p I N-k-2 

+ £ "^fc+lft I ^fc+l.AT-fe A Ek+l,N-k + Ek+l :S A E Sj N-k 



(5.11) 



fc=0 



=fc+2 



Consider the restriction of the map ( pTS| ) to the subspace generated by 
Eim for I = 1, . . . , z — 1 ; m = 2, . . . ,z ; I < m ; 
Eim for i = l, m = 2 + 1, . . . , N ; 

£"; m for Z = z + 1, . . . , iV — 2 ; m = z + 3, . . . ,N ; I < m . 

The formulas ( 5.10| ) describe the decompositions ipE(Eij) = E) s uj\ = (fE) p s E pt . It is easy to 
see that the matrix {(^e)^} is invertible and Ept = ((^^ 1 )^-D S are the linear combinations of 
the elements E^ and Aij whose indices are {i > I, j < m}. The remaining entries of rjg ( |5.1l| ) 
are the combinations (CN-k-i,N-k — ^^-Hj- +l ). According to the definition ( |5.10| ) these terms 
depend only on Bj's and the generators {C p t \ p = z + 1, . . . , N — 2; t = z + 3, . . . , N; p < t}. 
As a result all the arguments of the r-matrix Tjq ({^Zjft}) are proved to belong to the space 
generated by Hf N _ i+1 ,Bj,Ei m ,Ai m and C/ m , that is the algebra Qj B described above: 



rj B ({^, ft}) G <P (Qjb) A V (f£s) « A ^ B . 
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In this presentation the r^g-matrix is nondegenerate. This proves the Lemma. ■ 

We can calculate the symplectic form uJj B corresponding to ^^{{^1, &})■ It is a special kind 
of coboundary generated by the basic forms A^ m ([ , ]) with {1 = 1,... ,z; m = z + 1, . . . , N — 
I + 1}. As far as the map (p is an isomorphism we can use the canonical basis (|5.8| ). In this 
case the corresponding coboundaries are E^ m ([,]). The symplectic form LOjg has a very simple 
structure: 

Z N-l+1 

= E — ([,]), (5-12) 

(=1 m=z+l 

here a/ m = ai m ({q}) are the scaling factors defined in (0). 



6 Examples 

We shall demonstrate the properties of the enlarged peripheric chains presenting explicitly the 
expressions corresponding to three special cases: U(sl(A)), U(sl(7)) and U(sl(3)). 



6.1 U(sl(4)) 

This is the simplest case where the peripheric properties can be visualized because four is the 
lowest dimension of the space whose algebra of linear transformations has the nontrivial chain 
of extended twists [11] characterized by the indices j = 1, i = 1,2; n = 2; z = N — n = 2, 

^=0 fc fc=o \s=/c+2 y (6.1) 

= e H 2,3® a 2,3 e E l,2® E 2A e E -t,3®E-iA e H TA' g ' ai ' 4 . 

Notice that the extension factor in the second link is trivial. This chain differs from the canonical 
one by the Cartan generators in the Jordanian factors: 

H\ a = 4 I 3Ei,i — X) E s 

\ s=2 
^2,3 = 4 ( — ^1,1 + 3-^2,2 — -^3,3 _ -^4,4) • 

The basic vector (H^-)* of the hyperplane orthogonal to Ai 5 4 = e\ — and A2,3 = e2 — e% 
corresponds to the generator 

Hi = ^ (-^1,1 ~~ -^2,2 — -^3,3 + ^4,4) • 

The coproducts of the generators of B + (sZ(4)) can be considered as a modification of the co- 
products A Bl ^ (twisted by a canonical chain) due to the Reshetikhin "rotation" of the type 
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) 1 (see the expression (fO|)): 



A£ 

oi-<o 


(£l,2) 


= #1,2 5 


5 e-* 1 - 4 + 1 O E x>2 - H% 3 




A? 

£>l-<0 


(£l,3) 


= #1,3 <5 


51 + 10^1,3; 




A? 

£>l-<0 


(#1,4) 


= #1,4 <5 


5 e CTl > 4 + 1 ® ^i, 4 ; 




Ag 


(£2,3) 


= £2,3 ^ 


5e CT2 - 3 + 1®£ 2 ,3; 




Ag 


(#2,4) 


= £2,4 £ 


i> e CT2 - 3 + e 01 - 4 ® £2,4; 




A? 

£>l-<0 


(#3,4) 


= £3,4 e 


5 1 + e CT1 . 4 O £ 3 ,4 + #£3 « 




A? 

Bl-<0 


TO 




5 e~ CT1 . 4 + 1 <g> fl^ 4 - £i >3 


® ^3,4e- <T1 - 4 



3.2) 



(£;i, 2 + H? 3 E lt3 ) ® J E 2 ,4e- CTl - 4 - ,T2 ' 3 ; 



^.0 K 3 ) 



2,3 



ffj 1 - ® 1 + 1 i?l 



We have here two additional primitive elements 



E 



■v 



E 



1,3) 



that determine the Borel algebra 



Ht,Ef 



E 



cp 



The twist can be enlarged by the factor <$> Jx = e H i® ai , with cri = ln(l + Ef) 



(6.3) 



_ e Ht®a le H£ 3 ®a 2 , 3e E lt 2(g)E2 Ae E 1:3 <g>E 3Ae H ?,4®'?lA _ 

The enlarged twist corresponds to the 7£-matrix 

This universal element (supplied with the full set of deformation parameters {tpi => £^ ; ?l M = 
1,2} with the overall parameter £) can be considered as a quantization of the classical r-matrix 



r V JB (M, ft}) = ^1^1,3 A (£ 3 ,4 - ft^i 1 ) + ^2?ifl? 3 A ^2,3 

+ Vi (#r 4 a ^i, 4 + £1,2 a £ 2 , 4 ) . 



(6.4) 



The Lie-Poisson structure fixed by rj B ({ipi,Si}) can be redefined in terms of the algebra Qj B 
that in our case is 8D generated by {Hf 4 , H^ 3 , , E P:t | p = 1,2; f = 2,3,4; p < t}. This is 
an algebra of motion over the 4D space with the translations Q-p = {E Pj t \ p = 1,2; t = 3,4} and 
the subalgebra containing the operator E\^ and the Cartan generators {Hf 4 , H^ 3 , H^-}, 



Qjb = 9H^~ BP- 



IT 



In terms of the image ip (qjq) generated by 

Bi({si}) = ±E 34 -Ht, E 12 , 

Al 3 (?l) = ^1,3 + ^-^1,4) ^14 = E14, 
^23 (ft) = -^2,3 + ^-^2,4) ^24 = -^24, H^; 
this r-matrix looks like 



rjB &}) = ( A 13 - A Si + ^2ft#£ 3 A (^23 - ^24 

+ i>t (Hf A A A 1A + £ lj2 A A 2l4 ) • 
The corresponding sumplectic form (in terms of the algebra Qjg) 



(6.5) 



1=1 m=3 

defines Frobenius algebra. 

The expression ( |6.3| ) for the enlarged peripheric twist shows that the Hopf algebra Ug(sl(4)) 
can be twisted further by the JF 

C/( S /(4)) ^4° C#(d(4)) ^ u5b(81(4)). 

The final co-structure A^ B can be obtained as A^ B = e ad (^ CT o A£ and is defined by the 
set of coproducts: 

(E lt2 ) = Ei, 2 ® e^-^ + 1 ® Ei )2 - H% 3 ® ^ise"' 72 * 3 ; 

A^ B (^i, 3 ) = £ li3 ®e ffl Hl®% 

A£ B (Ei, 4 ) = #i,4 ® e* 71 - 4 + 1 ® #i j4 ; 

A^(^ 2 ,3) = #2,3 ® e' 72 ' 3 + 1 ® #2,3; 

A^ B (^2,4) = ^2,4 ® e ,72 > 3 - ,71 > 3 + e CT1 . 4 ® £ 2 , 4 ; 

&jb( E sa) = E 3A ® e" ffl -3 + e^- 4 ® £ 3 ,4 

+H ± e a 1A g, ( e <xi,4 _ !) e -<7i,a + ^ 3 ^ E 2 te- n > a ; 

A JB ( H Ta) = H ?A ® e_,J1 ' 4 + 1 ® #M " #1" ® (e"" 1 ' 3 " !) 

- (e CT1 - 3 - 1) ® J E 3i 4e- <T1 ' 4+,J1 ' 3 - (e CT1 > 3 - 1) ® (1 - e" CT1 - 4 ) 

- (^1,2 + H^ 3 E 1>3 ) ® J E 2 ,4e- ,T1 ' 4 ~ ,72 ' 3+<T1 ' 3 ; 
^jbW = ^ 3 ®e-M + l®^ 3 . 

A jb( h i) = Hj-®e~^ + l®ff r ; 
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All the Cartan generators of sl(4) participate in the deformation that leads to this Hopf algebra 
Tjr B {sl(A)). 

In the ordinary injection of the Poincare algebra in s/(4) (in the corresponding real form) 
the Cartan generators are identified with the diagonalizable rotation (usually I12), boost (^3) 
and the dilatation operator. Notice that here the commutative subalgebra of generators {Aij = 
Eij I i = 1,2; j = 3,4} is just the subalgebra of Poincare translations. All of them have the 
especially simple quasi-primitive coproducts. The reason is that in the twist Fjg the number 
of Jordanian factors Tj is maximal and each of them is attached to one of the "momenta" . 



6.2 U{sl(7)) 

Now we shall briefly expose the case of dimension seven to show some peculiarities of odd 
dimension N = 2n — 1. We also want the algebra U(sl(N)) to be sufficiently large to contain 
nontrivially the generators of the type C\ m ({<«})• 

In this case the full peripheric chain has three links (n = 4 ; i,j = 1, 2, 3 ; z = N — n = 3), 

fc=0 * k=0 \s=k+2 J 

x e E 2 , 3®E 3 , 6 e E 2 ,±®E4,, 6 e E 2 ,5®E bfi e H% fi ®a 2 ,6 

x e Ei t2 ®E 2 j e Bi, 3 ®-B3,7 e E 1} 4®E itJ e E lt5 ®E St7 e E li6 ®E 6 ,7 ^T^^J _ 
The Cartan generators are fixed according to the prescription (|4.2| ): 

N 

I /V Eh. 11 U I 1 — 



(6.6) 



8=1 / 

The dimension of the subalgebra H -1- in H(sZ(7)) that remains primitive after the twisting 
performed by the peripheric chain J~b 2 

Fl <0 --U(sl(7))^Ur(sl(7)) 

coincides with the dimension of H 7 '. We choose the following three basic elements (see ( |5.3D ): 

. Af N—i 

H i ± = ^—J2 E V- E E w i = 1,2,3. (6.7) 

1=1 m=i+l 



It is easy to check that the subalgebras tl^ and H -1 - are primitive in the twisted algebra 
U%(sl(N)) : 
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where Ej = Ej^_j. The generators ji/^ L ,£'J'j form three (mutually commuting) Borel subal- 
gebras: 



Hi ,Ef 



SijEf. 

This indicates that the peripheric chain (|6.6|) can be enlarged by the factors = e H ^® ai , 

with ai = In (l + £f): 

/ 3 \ 



^JB 



IT 

\i=l 



M 



The corresponding universal 7£-matrix has the form: 

3 



u=l 



Notice that the additional JF's commute. 



We have six deformation parameters: {tpi =>■ q | I = 1,2,3}. The expansion of 
TZjg with respect to £ exhibits the following classical r-matrix 



r JB ({^,5;}) 



Hf A Si, 7 + Efe=2 E hk A £fc,7 + #1,6 A (E 6J - affj 1 - 



+ V>2 51 
+ ^3 52 



ilf A £^2,6 + Sfc=3 El,k A -Efc,6 + ^2,5 A ( E\ 
H% A £3,5 + ^3,4 A (£4,5 - § ^ 



"'•'i ~ o ^2 



(6i 



The carrier algebra g^g of the r-matrix r^g ({ifti, 5/}) is 24D with the generators {Hf H^~, 
{E Pt t I p = 1, 2, 3; i = 2, . . . ,7; p < i} , {£4,6, £4,7, £5,7}}- This is an algebra of motion over 
the 12D space with translations Q-p = {E p>t \ p = 1, 2, 3; t = 4,5,6,7} and the subalgebra qt-c 
that is a direct sum of two 6D algebras gt-c = g^ © g^. Each direct summand contain three 
Cartan and three positive root generators: g' n = {Hf \E Pj t \ p,t = 1,2,3; p < t} and g^ = 
{-Hf", £4,6 !-El,7i £5,7}. In these terms g^ B is a semi-direct sum, 



The image (/? (g^yg) of the map tp contains the generators 

1 



(6.9) 



Bi ({ft}) 

£2 ({a, 2 }) 

^2 ({ft,2}) 

Ai,6 



-Eqj — H 



1 ! 



E, 



1 



■Ei 



5,7 



2 ! 



— £5,6 + 

52 5152 
1 1 1 

— £4,5 H £4,6 H £4,7 — 5' 

53 5253 515253 
11 1 

Ei t 4 H £^5 H £^6 H £«,7 

53 5253 515253 

Ei$ H E*6 H £«,7 ; 

52 5152 

£1,6 H £i,7> 

51 



3 • 



h3i 



H? 



Eij. 
C5.7 ■ 



i,j = 1,2,3, 



£4,6 H £4,7; 

51 



4,6, 



52 



£5,7 £4,7, 

53 
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In these terms the r-matrix rj B {{ipi,q}) has the form 



H? A A 1>7 + E 1>2 A A 2 , 7 + Bh.,3 A A 



3,7 



A14 - -A 15 ) A A 47 

53 



H- ( A 15 - |^16 J A ( A 57 + |a 47 J + Mi 6 - -^-A 17 j < LJ D, 



+ 51^2 



H% A ^2,6 - ^27^) + #2,3 A ^36 " ^37 

+ ( Ma ~ ^25) A \ A m - ^-A A7 
+ { A 25 - -A 26 ) A (-B 2 - - (a 57 + ^A 47 

52 / \Sl Si V ?3 



+ 52^3 



H? A f A 3 ,5 - ^36 ) + ( A, 4 - ^ A3, U f * i* ?1 

52 



13,4 ^-35 

53 



3 ^-46 

52 52 



(6.10) 



This expression enables us to calculate the corresponding form uj that has a simple structure in 
terms of the algebra 9j B - 



3 8-1 . 

Wjfl({^J,«}) = Yl — E tm(l}) ! ««m = ^5(7V-m)- 

;_i „ — /i a lm 



1=1 m=4 



Thus, when the Hopf algebra Uv {si (7)) is twisted by the additional JF's n e 1 the 
result 



He^-C/g (-i(7))— >Op (*J(7)) 



1=1 



is a quantization of the initial Hopf algebra U{sl{7)) in the direction defined by the r-matrix 
r jB ({V^5/}) ( fl6.8|) or ( 6.10|) ) with carrier algebra (see (6.9)). 



6.3 U{sl{3)) 

To conclude the examples it is worth mentioning the degenerate case of the enlarged peripheric 
chain, the PET = e^®^ e RV ® ai < 3 in U{sl{3)) equipped with the additional Jordanian 
factor: 

jrP £ _ e // i L 3 (g) ( 7i2(f) e V-E ; i,2lX>S2,3 e H T 'lX><Tl,3(^) ) (6.11) 

(see ( |3.2[) ). Here the generators H v and = H 1 - were defined in section |3], formula (|3.1| ). 
The corresponding classical r-matrix (3.3) is evidently one-parametric: 



J£ 



(?) = H v A £13 + E 12 A {E 23 - 5^3) . (6.12) 
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Its carrier algebra Qj £ is 4D with two Cartan and two "translation" generators: \H V , H^, E12, 
£13}. The natural basis in the image ip (Ojg) of the map 92 is formed by the elements: 



The w-form corresponding to the r-matrix ( |6.12 ) is 



u& (s) = ~E* 12 ([,])- E* 13 ([,]). 

The important fact here is that for the 4D carrier algebra Qj £ we can easily compose 
the other twisting element that contains no external generators. Consider the basic gener- 
ators {H^2, H^, Ei2, -E13} correlated with the direct sum structure Qj £ = B2 (-ffj^, -E13) © 
B2 (-H13, E12) ■ This is obviously the two- Jordanian situation and the corresponding twist is 

Notice that the 1 — matrix 

rjj (?) = H\2 A #13 + riH^s A E 12 

is equivalent to ( |6 . 1 2| ) . In this particular case we can construct two different twists, Tjj and 
J~j£, that quantize the r-matrix rjj~ rj£. One of them has the carrier algebra Qj£, the 
other depends on the full set of generators of £> + (s/(3)). In other words, the twist uses not 
only the adjoint operators of the elements of Qj £ but also the morphisms external with respect 
to qP £ . 

This is the explicit demonstration of the fact that there exist different quantizations of one 
and the same Lie-Poisson structure. 



7 Conclusions 



We have explicitly quantized the sets of Lie-Poisson structures defined on the groups of mo- 
tion. When they are of the r^g-type the carrier algebras of the r-matrix and the twist 
•FjB ({ v l-> Pi}) are different and B + (sl(N)), respectively). It is necessary to stress 

that the defining space of the twisting element {{yu Pi}) cannot be restricted to the sub- 
space U (ojts) ® U (bjb) ■ The quantization of the r-matrix rj B with carrier subalgebra Qj B 
was performed by the twist J~j B ({f/, Pi}) with carrier B + (sl(N)). On the other hand, it is 
well known || that to find the twisting element it is sufficient to know the classical r-matrix, 
there exists the solution of the Drinfeld equations corresponding to r and denned over Qjg- It 
was demonstrated above that this is not the only way to perform the explicit twisting. The 
alternative possibility is to inject the carrier into the larger algebra and to search for the solu- 
tions there. Thus, to perform the quantization corresponding to the carrier Qjq we have used 
the enlarged peripheric twist Pi}) that includes the adjoint operators external with 

respect to Qjg- This method can be used to facilitate the solution of the Drinfeld equations: 
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in the nonordinary cases it might be reasonable to enlarge the algebra and thus include the 
external morphisms. 

In the general situation the explicit form of the twisting element with the carrier Qj S (that 
depends only on the generators of Qj B ) is unknown to us. The only exception is the degenerate 
case of U (sl(3)) considered in the end of the previous Section. The same properties can be found 
when N is arbitrary but the chain is degenerate and consists of only one link. In this single link 
the extension can contain N — 2 basic extending factors and (when the whole link is peripheric) 
can lead to N — 2 additional primitive generators. The enlarged peripheric twist will have N — 2 
additional Jordanian factors. At the same time here the carrier Qj £ is obviously equivalent to 
the direct sum of N — 1 commuting Borel subalgebras and the corresponding multi-Jordanian 
twist can be composed. 

The algebras $j B = g-^ h Q-p are algebras of motion of special type. They have the 
(z (N — z))-dimensional subspace corresponding to the translations A[ m G Q-p . The subal- 
gebra q-h contains the Borel subalgebra B + (gl (z)), which is the multidimensional analogue of 
the dilatation operator in the conformal algebra, and the subalgebra C + (gl (n— 1)) that can be 
treated as a contraction of B + (gl (n — 1)). The Cartan subalgebra in g-^ contains the ordinary 
set of simultaneously diagonalizable operators in the algebra of motion Qj B including the sub- 
set of dilatation- like operators B{. The applications of the enlarged peripheric chains of twists 
studied in this paper to quantize Lie-Poisson structures defined on groups of motion could be of 
considerable interest. 

To study the peripheric chains for simple Lie algebras of series A n we have used the auxiliary 
Reshetikhin "rotation" in the root space. This method is quite general and can be applied to 
an arbitrary simple algebra. 
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